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Onset of Fluidization and Slugging 
in Beds of Uniform Particles 

A comprehensive investigation has been made of the boundaries of the 
regime of bubbling aggregative fluidization. Experiments were done with 
sand, glass beads, clover seed, and iron shot fluidized with helium, air, and 
freon-12 in columns 2.5, 5, 10, and 21 cm in diameter. Bed heights ranged 
from 1 to 60 column diameters, particle diameters from 0.07 to 1.1 mm, 
particle densities from 1300 to 7600 kg/m3, and gas densities from 0.17 to 
5.2 kg/m3. Correlations are presented for the void fraction at the minimum 
bubbling point and for the superficial fluid velocity at the points of mini- 
mum fluidization, minimum bubbling, and minimum slugging. 

T. E. BROADHURST 
and 

H. A. BECKER 
Department of Chemical Engineering 

Queen’s university 
Kingston, Ontario, Canada 

SCOPE 
Fluidization of a bed of particles occurs when the parti- 

cles are effectively suspended in a stream of fluid flowing 
through the bed, that is, their weight is balanced by the 
buoyancy and drag due to the fluid. Under certain condi- 
tions, normally in fluidization by gases, the regime called 
aggregatiue fluidization is observed which is characterized 
by the appearance of two phases: a dense phase in which 
the voidage is about the same as in the bed at the onset of 
fluidization, and a dilute phase in which the particle popu- 
lation is very sparse. At moderate fluid flow rates the 
dense phase is continuous and the dilute phase character- 
istically takes the form of a stream of rising bubbles. With 
increasing flow rate, however, a point may be reached 
where bubbles appear that extend across the bed; these 
bubbles are called slugs, and the condition is referred to as 

Correspondence concerning this paper should be addressed to H. A. 
Becker. T. E. Broadhurst is with Imperial Oil Enterprizes Ltd., Sarnia, 
Ontario, Canada. 

slugging. The practically useful regime of aggregative 
fluidization is bounded by the beginning of bubbling at 
low superficial fluid velocities and by the onset of s1uEg;ing 
at high velocities. The bed-mixing action of the bubbles 
is responsible for most of the technical advantages of 
aggregative fluidization. The occurrence of slugging is 
accompanied by marked deterioration in both the quality 
of bed mixing and the quality of gas-particle contacting. 
The passage of slugs out of the bed, moreover, produces 
large pressure fluctuations and pounding which can be 
mechanically damaging to equipment. 

I t  is thus practically important to be able to predict the 
limits of the regime of good aggregative fluidization. 
Attention is focused on: (1) the point of minimum 
bubbling, most precisely defined by aggregatively fluidiz- 
ing a bed and then gradually reducing the fluid flow rate 
to the point where bubbles no longer appear, and (2) the 
point of minimum slugging, defined as the point at which 
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bubbles emerging from the bed span the breadth of the 
bed (nonvisual definitions are also possible, based, for 
example, on measurements with pressure transducers). 
Past studies of the onset of fluidization have emphasized 
the point of minimum fluidization, defhed in terms of the 
change in pressure drop characteristics observed in pass- 
ing from the fluidized state to the fixed-bed state. A sys- 
tematic study of the onset of slugging has not previously 

been reported. In the present work, experiments were 
carried out with wide ranges of column diameter, bed 
depth, particle diameter and density, and gas properties. 
The points of minimum fluidization, minimum bubbling, 
and minimum slugging were observed, and generalized 
correlations of the results were sought by means of sta- 
tistical analysis in combination with the theory of dimen- 
sionless groups. 

CONCLUSIONS AND SIGNIFICANCE 
The results show that the superficial fluid velocity at 

the point of minimum slugging urns depends strongly on 
the ratio of bed height and column diameter. This de- 
pendency does not appear in the hitherto accepted criteria 
for the occurrence of slugging, and it is evident that these 
generalizations were based on insufficient data. The ratio 
of the gas and particle densities also exerts an effect, small 
but significant, and previously unrecognized. The mini- 
mum slugging velocity increases with increasing particle 
diameter, but not as rapidly as the minimum bubbling 
velocity Umb. Thus the difference urns - l)mb is relatively 
small for large particles, and the regime of good aggrega- 
tive fluidization is correspondingly smaller in extent. The 
minimum slugging velocity decreases with increasing bed 
height, but the rate of decrease is (1) smaller for large 
particles than for small ones, and (2) smaller for dense 
particles than for light ones. 

The minimum fluidization velocity umf tends to be 
slightly larger than the minimum bubbling velocity vmb, 

but the differences are practically unimportant. 

The experiments effectively covered the whole range of 
practical conditions, with the exceptions that (1) the 
largest column diameter was 21 cm, whereas some indus- 
trial units are over 5 m in diameter, and (2) the highest 
bed loading was about 10,000 kg/m2 (a 2 m high bed of 
iron shot). The theory of dimensionless groups was rigor- 
ously applied in analyzing the results, and there is no 
indication in the structure of the correlations obtained that 
they may not be valid for any reasonable conditions; that 
is, it appears unlikely that study of beds of very large 
diameter or very high loading will substantially alter the 
conclusions. 

The generalized correlations for om,, Umb, and Umf are 
the principal results of the work, and have been expressed 
in equation form. A reliable correlation for Oms was not 
previously available. The correlation for umf shows good 
agreement with the results of Leva. A correlation for t)mb 

was previously lacking; it .was generally assumed that i)mb 

and umf are practically equal, and the present work shows 
that this assumption is reasonably good, if not entirely 
correct. 

BASIC CONSIDERATIONS FOR DESIGNING 
EXPERIMENTS AND FORMULATING CORRELATIONS 

The existing mechanistic models, such as Stewart and 
Davidson's model for the onset of slugging (1967), help 
with understanding the phenomena but do not provide a 
sufficient basis for planning experiments and correlating 
experimental data. It was concluded in the present work 
that the most practical approach is still by a rigorous simili- 
tude analysis in which, among the various equivalent sets 
of dimensionless groups that are possible, an optimum set 
is chosen. The choice is based on both theoretical and em- 
pirical considerations. 

The various characteristic variables, or forces and 
lengths, were examined, and the following set of dimen- 
sionless groups was formed by taking ratios of forces and 
of lengths: 

bf"DP/cL, Pru2/YDP, PpIPfr PpgHo/P1, DP/HO, D P m ,  c, $1 
The fluid velocities t) and bed void fractions Q of interest, 
namely those at the points of minimum fluidization, mini- 
mum bubbling, and minimum slugging, are dependent 
variables. Hence ihe void fraction c, the Reynolds number 
Re = ppD,/p,  and the modified Froude number Fr = 
pfu2/yDp are all dependent-variable groups. However, Re 
and Fr can be combined in such a way that u cancels, 
yielding an independent-variable group that must be con- 
sidered: the Archimedes number, Ar = pfyDp3/p2; Ar = 
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R@/Fr. The set X of independent-variable groups is thus 
found to be 

x = {PfYDP3/Lc2, PpIPf, PpgHo/P1, DP/HO, DP/Q $1 
(1) 

We next consider the set of dependent-variable groups, 
Y. The above introduction of the Archimedes number has 
the general consequence that a set of two dependent- 
variable groups {Re, Fr} is replaced by an equivalent set 
consisting of Ar and either Re or Fr. The choice between 
Re and Fr is mathematically arbitrary, but physically Fr 
is preferable; particle weight minus buoyancy, represented 
by Fr, is important in all regimes of the phenomena con- 
sidered, whereas the viscous forces, represented by Re, 
are not. The set of dependent-variable groups is thus taken 
to be 

It  follows from the theory of dimensionless groups that the 
correlations to be sought between the dependent and inde- 
pendent variables must be of the general form 

y = {Prv2/YDp, €1 (2) 

Yi = Y,(X) (3) 
where Y1 = pp2 /yDp  and Y2 = c. 

The reciprocal of the modified Froude numher yDp/pp2  
behaves rather like a particle drag coefficient in the present 
context. The Archimedes number pfyDp3/p2 can be inter- 
preted as the square of the characteristic Reynolds number 
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of the system, the characteristic (independent-variable) 
velocity being d ( D p y / p f ) .  The group p p / n  relates to ac- 
celerated motion and expresses the ratio of partic!e inertia 
to fluid inertia. The groups Dp/D,  Dp/Ho, and $ are obvi- 
ous characteristics of the system geometry. The group 
ppgHo/P, characterizes, in the case when the fluid is an 
ideal gas, the change in gas density across the bed due to 
the change in pressure. If nonideal gas behavior is im- 
portant, then the pressure ratio PJP, and the temperature 
ratio TJT, should be added to (1),  where the subscript 
c refers to the thermodynamic critical conditions. 

The gas density p f  was evaluated at the pressure P1 exist- 
ing above the bed, and the superficial velocity u was cal- 
culated from the mass flow rate and this density. 

The quanti,ty Ho is used as the measure of bed height 
because any actual height H is always a function of the 
fraction void e ;  we have Ho = m”/pp = H (  1 - e), where 
m” is the total mass of particles in the bed per unit base 
area. Both H and e must, strictly speaking, be regarded as 
dependent variables. However, the constants in the various 
correlations herein developed are insignificantly affected if 
the settled bed depth H, is used in place of Ho; for the 
systems studied, the transformation 

carries a correlation involving Ho into one involving H,. 
The settled bed height is the height of the fixed bed ob- 
tained when a bed is consolidated by jarring or vibration 
until no further settling is observed. Because the bed geom- 
etry is more easily visualized in terms of H, and since the 
results are not significantly affected thereby, H,/D is used 
as the dimensionless group involving bed height in most 
of the subsequent discussion. In practice, Ho/D may usu- 
ally be easier to use since it follows directly from knowl- 
edge of the bed weight and the particle density; final cor- 
relations that involve the bed height as an independent 
variable are therefore also given in terms of Ho/D. 

Other particle shape characteristics besides the spheric- 
ity $ may be important; $ is however the simplest and, 
based on experience with sedimentation and flow through 
porous media, may be adequate. 

The theory of dimensionless groups has not always been 
applied in a rigorous and consistent manner in past in- 
vestigations. Wilhelm and Kwauk (1945), for example, 
suggested that the division of regimes between particulate 
and aggregative fluidization might depend on a Froude 
number Frmf based on the minimum fluidization velocity 
umf, a dependent variable. Romero and Johansen (1962) 
proposed, for the same purpose, the Froude number Frmf, 
the Reynolds number Re,f, (pp  - p f )  / p f ,  and Hmf/D, thus 
involving three dependent-variable groups. The ratio u/umf 
is also frequently utilized in certain types of correlations. 
The use of groups involving dependent variables may be 
mechanistically revealing in some cases, but it is not the 
best basis for developing generalized correlations. In ad- 
dition to hypothesizing dependencies on dependent-vari- 
able groups, most past analyses have been partial or in- 
complete, omitting consideration of one or more charac- 
teristic independent variables. 

The set of independent-variable groups, ( l ) ,  is large. 
This condition is indicative of the well-known scale-up dif- 
ficulties with fluid-bed behavior. For complete dynamic 
similarity to exist, all dimensionless groups in model and 
prototype must be constants. For most purposes, this is 
possible only if model and prototype are identical. Hence, 
unless it can be shown that some of the groups are weak 
or unimportant in effect, only partial or distorted modeling 
is possible. The approach taken in the present work was to 
use, in the experiments, a wide range of particle densities 
and sizes, a wide range of fluid properties, and a wide 

TABLE 1. DmSm AND VISCOSXTY OF GASES AT 20°C 
AND 1 ATM. 

Gas Density, kg/m3 Viscosity, 105 kg/m s 

Helium 0.166 
Air 1.21 
Freon-12 5.2 

1.98 
1.81 
1.25 

TABLE 2. PHYSICAL PROPERTIES OF PARTICLES 

Material and supplier Dpo,  mm pp .  kg/m3 

Sand; American Graded 
Sand Co., Paterson, 
New Jersey 

Glass beads; Minnesota 
Mining and Mfg. 
Company, St. Paul, 
Minnesota 

Iron shot; Globe Steel 
Abrasive Co., Mansfield, 
Ohio 

perial Oil Ltd., Sarnia, 
Ontario 

Clover seed 

Cracking catalyst; Im- 

0.343 
0.213 
0.184 
0.150 
0.106 
0.071 
0.481 
0.297 
0.165 
0.100 
0.336 
0.243 

0.060 

1.09 

2650 
2660 
2660 
2660 
2670 
2680 
2480 
2450 
2450 
2430 
7550 
7370 

1280 

1300 

$+ 

0.85 
0.85 
0.85 
0.85 
0.85 
0.85 
1.00 
1.00 
1.00 
1.00 
0.95 
0.95 

0.95 

0.95 

*The coefficient of variation for the diameter of an individual sand 

f T h e  coefficient of variation of JI for an individual sand particle is 
particle is f 20%, and for a glass particle f 10%. 

C 10%. The variation of JI for the other particles is less. 

range of column diameters so that nearly the whole range 
of practical interest was covered. Correlations were then 
developed with the help of statistical techniques, and no 
independent variable or group was neglected unless its in- 
fluence could be shown to be statistically unimportant. 
Thus the correlations should be quite generally valid, and 
with known levels of accuracy. 

APPARATUS AND MATERIALS 

The columns were of perspex tubing, 2.5, 5.0, 10.0, and 21.0 
r m  inside diameter, with 3 to 4 m of height to accommodate 
deep beds. The gas distributors, which also provided the base 
support for each bed, were disks of Feltmetal (Huyck Metal 
Company) over perforated aluminum plates. 

The gases, helium, air, and freon-12 provided the densities 
and viscosities shown in Table 1. The properties of the solid 
particles are summarized in Table 2. The only particle property 
that was not varied over a broad range was theshape; the parti- 
cles were either spherical, or fairly isometric and nearly spheri- 
cal. The particle sphericity $ = (6Vp/rc)2/3/(Sp/n) was esti- 
mated from photographs of the particles, by comparison with 
shapes of known sphericity. Particle density was determined 
from the weight of a sample and the displacement volume in 
methanol. For particles larger in diameter than 0.18 mm, the 
mean particle diameter D, was calculated as the diameter of 
an equi-volumed sphere from the mean particle weight in a 
sample of 100 to 200 particles. For smaller particles, screen 
analysis was used and D, was estimated by the method of 
Kunii and Levenspiel ( 1969, p. 68). 

MINIMUM BUBBLING POINT 

Method 
A measured weight of particles was loaded into the col- 

umn. A condition of aggregative fluidization was estab- 
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lished, and the gas flow was then slowly reduced until no 
bubbles were visible at the surface. The bed height and 
the gas flow rate were observed at this point. The observa- 
tions were repeated ten times and the sample-mean values 
of the superficial gas velocity and the void fraction at the 
minimum bubbling point were calculated from the data. 
Tables of the original data are on record (Broadhurst, 
1972). 
Effect of Dp/D 

The effect of this group was studied in the four columns 
with sand beds having H,/D = 1/2, fluidized with air. 
The results, Figure 1, show that ppmb2/yDp is rather 
weakly aflected by Dp/D. In view of the much stronger 
effects of some of the other groups to be considered, it was 

10-3 L o.34 +-4 
h 0.213- 1 

10-3 10-2 
Dp/ D 

Fig. 1. The effect of Dp/D on the minimum bubbling velocity. The 
system is sand/air, $ = 0.85, Hs/D = 1/2. 

v 
L 

0.1 83 

" 0.150 

3 p\ 0.071 

I I l l  I I 1 I I I I I I  I I I l l 1  

10-4 10-3 

Dp'H, 
Fig. 2. The effect of Dp/Hs on the minimum bubbling velocity. The 

system i s  sand/air, $ = 0.85, D = 10 cm. 

y DP 
2 

Pf "mb 

Fig. 3. The relation between the dimensionless minimum bubbling 
velocity and pfyDp3/p2. Systems are sand, $ = 0.85, D = 10 cm, 

H,/D = 1/2, fluidization with helium, air, and freon-12. 

decided to ignore this dependency altogether. 

to be insigdkant. 
Effects o f  DP/Ho and p,,gHo/P1 

A series of experiments was carried out in which sand 
particles of five diameters, at settled bed heights H, of 
5-120 cm, were fluidized in ,the 10 cm diam. column. The 
results, Figure 2, indicate that any effects of bed height 
on ppmb2/YDp are unimportant within normal limits of 
operation. 
Effects af pfyDp3/pzl pp/pfl and $ 

Variation of the group pffDp3/p2 was chiefly effected by 
varying the particle diameter. The density ratio pp/pf was 
varied principally through the three gases-helium, air, 
and freon-12. However, iron shot was studied in addition 
to the various sands to provide even higher values of pp/pfi 
The variation of the particle sphericity $ was small but 
covered the range encountered in most practical opera- 
tions. All the tests .in this series were done in the 10-cm 
diam. column with HJD = 1/2. 

A graph of yDp/pfomb2 vs. poDp3/p2 for the fluidization 
of sand particles with helium, air, and freon-12 is shown 
in Figure 3. The reciprocal of Pflmb2/yDp is used as the 
ordinate because it corresponds to the drag coefficient or 
friction factor. It is clear that the data for the different 
gases lie on separate curves, indicating an influence of 
pp/pf. A graph of all the results is shown in Figure 4. The 
data for glass spheres lie on the same curves with the 
sands, indicating negligible effect of the sphericity over 
the range 0.85 < $ < 1.00. 

Above the 45" dashed line in Figure 4, representing 
a Reynolds number of 10, the data are quite collinear for 
a given value of pp/pf. For the few points where Rema 
exceeds 10, there appears to be a tendency for yDp/pfomb2 
to level off as the flow enters the fully turbulent regime. A 
model is therefore postulated of the form 

The effect of Dp/D on the void fraction €mb was found 

This model is of the type frequently used for the correla- 
tion of friction factors for flow through porous media; for 
example, the equation of Ergun (1952). The first term on 
the right represents the creeping flow regime, and the 
second the fully turbulent. The parameters A1 to A5 were 
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Fig. 4. The relation between the dimensionless minimum bubbling 
velocity and p n D P 3 / p 2 .  Systems with D = 10 cm, H J D  = 1/2, 
fluidization with helium, air, ond freon-12. Materials: 0 a@, sand, 
$ = 0.85; 0.8, glass beads, $ = 1.00; O+O, iron shot, 

$ = 0.95. Curves are given by Equation (5). 

determined by a nonlinear least squares procedure which 
minimizes the sum of the squares of the residuals. The 
effect of p p / p f  in the second term was found to be insig- 
nificant. The resulting equation is 

- YDP = 98000 ( - p;;p3 ( % ) O . ,  + 35.4 ( 5 )  
Pf%b2 

500 < a p / p f  < 50000, and 1 < p p D p 3 / f  < lo7. The resid- 
ual variance from this correlation indicates that v m b  can 
be predicted within k 25% (95% confidence interval) 
over the range of the data. 

For creeping flow, (5) can be written 

Vmb = 0.00319 (?)''I ( T )  a p y D p 3  0.41 (!$"" 
(6) 

For aidsand systems at  20°C and 1 atm, p p / p f  = 2200, 
and (6) gives 

The exponent on p p / p f  in (6)  is almost insignificantly dif- 
ferent from zero, and the differences between the predic- 
tions of (6)  and (7) over the experimental range of p p / p f ,  
250-45000, are small. For the systems here studied, p f / a p  
<< 1, so that y / p p  N g .  Hence (6)  and (7) are, in effect, 
relations between the Froude number v m b 2 / g D p  and the 
group ppyDps/p2. The unimportance of the fluid density 
p f  in these equations for creeping flow is theoretically ex- 
pected. 

The Fraction Void €mb 

Because the total variation in the fraction void at  the 
minimum bubbling point is small, the effects of the inde- 
pendent-variable dimensionless groups are effectively re- 
vealed by regression analysis. Data on the analysis are 
summarized in Table 3. The correlation is 

1"2 0.029 0.021 
Cmb = 0.586 $-O'" ) (%> (8) 

0.85 < 9 < 1, 1 < p p D P 3 / p 2  < lo5, and 500 < p P / p f  < 
50000. The particle sphericity, as should be expected, is 
the major factor determining €mb. The exponents on the 
last two groups in (8) are small, but each group con- 

tributes significantly to reducing the standard error of the 
estimate. 

Measurements of the minimum fluidization velocity vmf, 
reported in the next section, indicate little difference be- 
tween it and Vmb. It  is therefore to be expected that €mb 
should differ negligibly from Emf, the fraction void at the 
point of minimum fluidization. Table 4 shows that the pre- 
dictions of (8) indeed agree very well with Leva's (1959) 
measurements of emf ,  even for sphericities $ much smaller 
than those in the present work. The data of Becker (1961), 
however, indicate inadequacy for very large particles; for 
these the predicted values are obviously low and quite un- 
realistic. It thus appears that (8) is valid for systems in 
the Cree ing flow regime and somewhat beyond, but not 

pears that cnlb-or c m r i s  predicted by (8) within a prob- 
able error of about f 0.02, provided that the predicted 
va!ue is larger than 0.37. Values smaller than this are gen- 
erally less than the settled void fraction for spherical and 
nearly spherical particles and are physically impossible. 
Comparison with Ergun's Equation 

in well- B eveloped turbulent flow. As a general rule, it ap- 

The equation of Ergun (1952) for pressure drop across 
fixed beds is 

TABLE 3. DATA ON REGRESSION ANALYSIS OF THE RELATION 
BETWEEN THE VOID FRACTION AT THE MINIMUM BUBBLING 

POINT AND THE SET OF INDEPENDENT-VARIABLE 
DIMENSIONLESS GROUPS 

't' values on the 
parameter estimates Stan- Multiple 

PfUDP3 PP dard correlation - -  
Variable entered error coe5cient $ P2 P f  

Y 0.017 0.863 9.9 
*> PfUDP3/P2 0.015 0.904 10.6 3.6 
$, p n D p 3 / ~ 2 ,  p p / P f  0.009 0.968 15.5 9.7 7.7 

TABLE 4. A COhlPARISON BETWEEN THE DATA OF LEVA (1959) 
AND BECKER ( 1961) AND THE PREDICTIONS OF EQUATION (8 )  

FOR THE VOID FRACTION AT THE POISTS OF MINIMUM 
FLUIDIZATION AND MINIMUM BUBBLING. FLUIDIZATION 

WITH AIR 

Emf, emb, 
DP, PPl mea- pre- 

Author Material mm kg/m3 $ sured dicted 

Leva Sharp sand 

Round sand 

Coal 

Becker Corn 
Peas 
Wheat 
Rapeseed 
Ottawa sand 

0.05 2700 
0.07 
0.10 
0.20 
0.30 
0.40 
0.05 
0.07 
0.10 
0.20 
0.30 
0.05 1600 
0.07 
0.10 
0.20 
0.30 
0.40 
6.92 1260 
6.65 1380 
3.38 1380 
1.61 1120 
0.76 2660 

0.67 0.60 
0.59 
0.58 
0.54 
0.50 
0.49 

0.86 0.56 
0.52 
0.48 
0.44 
0.42 

0.63 0.62 
0.61 
0.60 
0.56 
0.53 
0.51 

0.75 0.412 
1.00 0.395 
0.91 0.380 
1.00 0.371 
0.98 0.381 

0.62 
0.60 
0.58 
0.55 
0.53 
0.52 
0.52 
0.51 
0.48 
0.46 
0.44 
0.66 
0.64 
0.63 
0.59 
0.57 
0.55 
0.385 
0.313 
0.355 
0.358 
0.371 
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TABLE 5. COMPARISON OF MEASURED AND PREDICTED VALUES OF THE MINIMUM FLvIDrzAnoN VELOCITY AND THE 
MINIMUM BUBBLING VELOCITY. FLUIDIZATION OF GLASS BEADS WITH Am, Re < 10 

Present results Leva Davidson 
Measured Eq. (16) Eq. (18) Eq. (19) 

Dp, mm emf ,  cm/s Umf, cm/s Umf, cm/s Umf, cm/s 

0.100 1.26 1.16 1.09 1.50 
0.165 2.81 2.86 2.76 4.12 
0.297 7.86 8.09 8.01 13.3 
0.481 17.9 19.1 19.4 35.2 

In fluidization, - A P / H  N y ( l  - -t). At the minimum 
bubbling point, v = Vmb and e = €mb. Thus (9) gives 

omb = lPSmb3 (5)o.5 (--) pPyDp3 0.5 (10) 
150( 1 - €ma)  

for creeping flow, Remb < 10, and 

y D p / p f u m b 2  = 1.75/+-tmb3 (11) 
for fully developed turbulent flow. 

Table 5 shows a comparison between (10) and the pres- 
ent results for the case of glass beads fluidized with air. 
The values of Vmb calculated from (10) with the experi- 
mental values of €mb are in good agreement with the ex- 
perimental values of omb. This indicates that the configura- 
tional effects on particles in the bed associated with ex- 
pansion to the point of minimum bubbling do not greatly 
affect the constants in the Ergun equation. Hence the 
equation can be used to predict Vmb, provided that realistic 
values of €mb are employed. 

For Emb = 0.39, a typical value for large, nearly-round 
particles, Table 4, and $ = 0.9, an average value for the 
present materials, the right-hand side of (11) gives 1.75/ 
$€mb3 = 29.5/$ = 32.8. This agrees well with the constant 
35.4 in (5 ) .  Figure 4 shows, however, that the present re- 
sults did not extend far into the turbulent flow region, and 
the constant 35.4 is based on extrapolation from a rather 
small quantity of data. Since Ergun's equation is better 
established than (5) for high Re, a value of 29.5/$ can 
be adopted. 

Over the range of the present data, 0.41 < €mb < 0.52, 

€mb3/ (1  - €mb)  3.5 €mb3'82 (12) 
to a good approximation. With this substitution for €mb3/ 
(1 - €mb)  and with ( 8 )  for Qmb, the Ergun result for 
creeping flow (10) gives 

pprDp3 03w 0.031 
Vmb = 0.00303 9-0.75 ( $)0 '5  (a) ' ( z)  

(13) 
which can be compared with (6). 

in creeping flow. Equations (7 ) ,  ( lo) ,  and (12) yield 
A final method of comparison is to accept (7) for i)mb 

€mb = 0.570 $-0.52 (/~'/p~yDp3)0.023' (14) 
The differences between this formula and (8) appear to be 
insignificant in relation to the present data. 

MINIMUM FLUIDIZATION POINT 

Method 

The 10-cm diam. column was used for all runs. A fixed 
weight of material, 1.35 kg, was put in the column. This 
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Rowe Present results Ergun 
Eq. (20) Measured Eq. (7) Eq. (10) 

Umb, cm/s Umb, cm/s Vmb, cm/s umf, cm/s em b 

1.06 0.422 1.21 1.21 1.14 
2.93 0.410 2.75 2.90 2.81 
9.45 0.399 7.41 8.01 8.24 
24.9 0.393 17.4 18.5 20.6 

gave a ratio of settled bed height to column diameter H, /D 
of about 1.0 for sand and glass beads. The bed was fully 
fluidized; the gas flow was then slowly reduced in small 
decrements, and the pressure drop across the bed was de- 
termined as a function of the flow rate. 

The pressure drop was plotted against the superficial 
velocity on log-log graph paper, and the point of inter- 
section of the pressure-drop line for fully established fluid- 
ization with the line for the fixed bed condition was taken 
as the minimum fluidization oint. This definition is illus- 
trated in Kunii and LevenspieP's book ( 1969, p. 74).  
Correlations for vmf 

The scheme followed to develop dimensionless correla- 
tions for the minimum fluidization velocity was the same 
as that for the minimum bubbling velocity. The results are 
shown in Figures 5 and 6. A correlating equation of the 
same general form as (4) was fitted by a nonlinear least- 
squares procedure, giving 

0.01 < Remf < 1000, 500 < pp/pf < 50000, and 1 < 
pnDp3/p2 < 10'. The residual variance indicates that v m f  
is predicted within -+ 37% (95% confidence interval) 
over the range of the data. 

For creeping flow, (15) reduces to 

105 

lo4. 
Y DP 

2 
Pf"mf ,03 

lo2 - 

I 0  lo2 lo3 lo4 

PfY Dp3 
v2 

Fig. 5. The relation between the dimensionless minimum fluidization 
velocity and pfyDP3/p2 .  Systems are sand, $ = 0.85, D = 10 cm, 

&/D = 1, fluidization with helium, air, and freon-12. 
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&,,Dp8 0.425 
umf = 0.00203 (ey (7) ( ?)O’O1 

(16) 
For aidsand systems at 20°C and 1 atm, h / p f  = 2200, 
and (16) gives 

yDp 0.5 pp.yDp3 
umf = 0.00219 (7) (7) (17) 

The effect of pp/pj in (16) is insignificant, and the differ- 
ences between the predictions of (16) and (17) are 
negligible. 

Comparison with Vmb 

The minimum fluidization velocity is about the same as, 
or slightly greater than, the minimum bubbling velocity. 
The data in Table 5 are fairly typical. The behavior of umf 
is, however, more erratic, and this is reflected in the greater 
deviations of the data on Omf from (15) compared to those 
on umb from (5)+mf is predicted within 2 37% with 
95% confidence, whereas umb is predicted within 2 25%. 
It  appears that the minimum bubbling point is definitely 
better defined than the minimum fluidization point. The 
problem with the latter is that the fraction void and parti- 
cle configuration in the fixed bed which is formed when 
the gas flow is gradually reduced below the fluidization 
level are sensitive to the rate of reduction of the flow and 
to any jarring or vibration of the bed. This affects the rela- 
tion between pressure drop and flow rate, and hence the 
value obtained for umf. 

For practical purposes, l)mb is the critical velocity for 
aggregative fluidization, and umf is simply a characteristic 
that happens to approximate Umb. When the bed behavior 
tends toward particulate fluidization, however, then Umf 
is the most reasonable measure of the superficial velocity 
for the onset of fluidization. 

Comparison with Other Work 

Rowe (1961) for umf in the creeping flow regime are 
The equations of Leva (1959), Davidson (1963), and 

(18) umf = 0.0007 Remf-O.Os3 D P Y I P  

umf = 0.00114 Dp2y /p  (19) 

I I I I I I 1 

I I I I I I 
1; 7 6 2  103 104 105 106 

P& 

P2 

Fig. 6. The relation between the dimensionless minimum fluidization 
velocity and pnDP3/p2. Systems with D = 10 cm, 1.35 kg material 
in column (HJD = 1 for sand), fluidization with helium, air and 
freon-12. Materials: 0.0, sand, $ = 0.85; n.Et, glass beads, 
$ = 1.00; $, iron shot, $ = 0.95; A, cracking catalyst, 
$ = 0.95;+, clover seed, $ = 0.95. Curves are given by Equa- 

tion (15). 

Umf = 0.00081 D p 2 y / p  (20) 
Remf < 10. For comparison with (16), these are trans- 
formed to 

*,,Dp3 0.441 ( E)0’059 
Umf = 0.00108 (?r (7) 

Leva’s equation, like (16), represents a correlation of ex- 
perimental data, whereas Davidson’s and Rowe’s are based 
on theoretical arguments in which the fraction void of the 
bed is assumed to be a constant at the point of minimum 
fluidization. 

The agreement between Leva’s result, (21), and ours, 
( l 6 ) ,  as to the exponent on pp7Dp3/~2 is reasonably good. 
These empirical observations indicate that the value of the 
exponent given by simple theory, 1/2, is significantly in 
error. 

The absolute differences between the predictions of 
(16), (21), (22), and (23) are best illustrated by an ex- 
ample, Table 5. It is seen that for uniform-sized spherical 
glass beads fluidized with air, Davidson’s equation signifi- 
cantly overpredicts the measured values of umf. Rowe’s 
equation gives better results but tends to underpredict for 
small particles and overpredict for large ones, Leva’s equa- 
tion is  in reasonably good agreement with all the data in 
the example, and the difference in accuracy between it 
and the present equation appears to be small-perhaps in- 
significant. 

MINIMUM SLUGGING POINT 

The onset of slugging represents the terminal stage of 
bubble coalescence, when a bubble spans the entire cross 
section of the column. Past studies relating to the minimum 
slugging point have been inconclusive, and no comprehen- 
sive study has hitherto been reported. The most frequently 
used criterion is that proposed by Stewart and Davidson 
(19671, 

A significant limitation of this relation is that, from the 
nature of the underlying assumptions, reasonable results 
can be expected only if H J D  is greater than 3 or 4. The 
assumptions, concerning the slug spacing and the slug VOE 
ume, are themselves open to question, particularly for large 
beds. However, because (24) agrees roughly with the data 
of several authors, it has been accepted as the best avail- 
able guideline. 

A problem that has caused considerable ambiguity is 
that no standard definition of the onset of slugging has 
been established. The results reported are thus affected by 
each author’s interpretation of the phenomena. 

The object of the present study was to obtain a compre- 
hensive set of data relating to the minimum slugging point 
and to develop from these a correlation which contains all 
significant parameters of the fluid bed system, does not 
require knowledge of other dependent variables for its use, 
and is based on a clear and unique definition of the phe- 
nomenon. 
Method 

The following operational definition of the slugging point 
was adopted: the point of minimum slugging is reached 
when bubbles, before they arrive at the top of the bed, are 
seen to have a continuous floor around the circumference 
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u ~ S  - umf 6 0.2 (0.35 V g D )  (24) 
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of the column, as shown in Figure 7. Using this definition, 
it was easy to observe the slugging point in beds with 
H J D  > 2, and measurements of the minimum slugging 
velocity were reproducible with good precision. At H J D  
< 2, the observations became increasingly difEcult with 
decreasing HJD,  due to the high degree of bed turbulence. 
Observations at H J D  < 1 were impossible for most sys- 
tems exceptin those with very large or heavy particles, 

The procedure followed in establishing the minimum 
slugging point was to raise the gas flow rate to a point 
where slugging was readily apparent. The flow was then 
gradually decreased until the formation of bubbles of the 
shape shown in Figure 7 approached the vanishing point. 
Strong illumination of the column was required to ensure 
that bubbles of the required characteristics, that is, incipi- 

such as metal s 1 ot. 

0.002 

Fig. 7. A fluid bed a t  the onset of slugging. 
The uppermost bubble formation has a con- 
tinuous floor and i s  taken to be on incipient 
slug. The fingers of dense phase reaching down 
to the floor of the slug are streams of particles 
flowing back along the column wall. There is 
also a rain of particles from the roof of the 

slug to the floor. 

H,/D = 3 

5 0 

A H,/D=6 

0.001 O.OO? 0.003 

D,/D 

Fq. 8. The effect of D,/D on the dimensionless minimum slugging 
velocity. Systems are sand/air, $ = 0.85, D, = 0.18 mm, and H,/D 
= (3, 6). Column diameters 0, cm: 0, 2.5; 0, 5; A, 10; 0, 21. 

ent slugs, were easily recognized. Observations were gen- 
erally repeated ten times when fluidizing with air, and five 
times with helium and freon-12. The minimum slugging 
velocity was measured in all four columns in beds of the 
various sand particles with H,/D ranging from 1 to 60. 

Characteristics of fluidization at the onset of slugging can 
also be established by instrumental, rather than visual, 
means by spectral analysis of pressure fluctuations at the 
foot of the bed. Extensive studies of pressure fluctuations 
were carried out in another phase of the present research 
(Broadhurst, 1972) ; these results will appear in another 
paper. 
Effect of D,/D 

The effect of D,/D was investigated with one sand, D, 
= 0.18 mm, with air as the fluidizing medium, at H,/D 
values of 3 and 6, in all four columns. In effect, ppDp3/p2, 
h / p f ,  $, and H,/D were held constant while D,/D was 
varied. The results, Figure 8, indicate that Ppms2/rDp is 
constant over the experimental range of D,/D.  Regression 
analysis confirmed the insignificance of D,/D. This conclu- 
sion, which suggests that the minimum slugging point need 
be studied at only one column diameter, saved much labor. 
However, as a precautionary measure, the 5-cm and 10-cm 
inside diameter columns were both used in all subsequent 
experimental work. 
Effect of $ 

The effect of particle shape was studied with spherical 
glass beads, D, = 0.16 mm and $ = 1, and with sand, Dp 
= 0.15 mm and $ = 0.85, in beds fluidized with air. The 
groups ppDp3/p2 and p p / p f  were effectively the same for 
these systems. The results, Figure 9, indicate that 9 has 
little effect on the minimum slugging velocity over the 
range studied. Regression analysis confirms the insignifi- 
cance of 9. 
Effect of pnDp3/$ ,  pP/pf  and HJD 

The values of ppDp3/p2 and H,/D were varied through 
D, and H,, and the density ratio pp/pf was varied through 
Pf. 

Some of the data for fluidization with air are shown in 
Figure 10. I t  appears that at small values of HJD,  ppms2/ 
yD, is independent of pfyDp3/p2, and depends only on 
H,/D.  This conclusion is further supported by the data for 
fluidization with helium and freon-12. However, the group 
h / p f  has a significant effect over the whole range of H,/D. 

A second conclusion indicated by Figure 8 is that at high 
values of HJD,  the group p f ~ ~ , ~ / r D ,  approaches a con- 
stant value which is independent of HJD,  but dependent 
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011 pfyDp3/p2 and &/PI .  
The existence of two regimes is thus indicated, one in 

shallow beds where Ppms2/yDp depends only on H,/D and 
pp/pf, and the other in deep beds where it depends on 
pnDP3/p2 and p p / p f .  This suggests a model of the form 

'*=A1 2 (+)*'(Z)*'+A4(--p--)  PfyDP3 A5 (:) A6 

(25) 
YDP 

10-2 I* 9 I 
1.00 1 

0 0 0.85 

0 

10-3 

1 10 
H,/ D 

Fig. 9. The effect of particle shape on the relation between the 
dimensionless minimum slugging velocity and HJD. Systems with 
D = 10 cm, fluidization with air. Materials: 0, sand, D p  = 0.15 

mm, + = 0.85; 0, glass beads, D p  = 0.16 mm $ = 1.00. 

10-2 

I \  
c IA\ 4 
c \ h  

L \ 

II I I I I l l l l l l  I I l l  

1 10 

H,/ D 

Fig. 10. The dimensionless minimum slugging velocity as a function 
of H,/D and particle diameter. Systems are sand/air, $ = 0.85, D 
= 10 cm. Particle diameters Dp, mm: 0, 0.343; 0, 0.213; A, 

0.150;-, 0.071. Curves are given by Equation (30). 
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The parameters A1 to A6 were evaluated by a nonlinear 
least squares procedure to minimize the s u m  of the squares 
of the residuals. The final correlation is 

+ 0.00416 (7) pfyDp3 0.41 ( z)0'5g (26) 

1 < H / D  < 40, 500 < p p / p f  < 15000, and 1 < Dp3ypf/pz 
< 40000. The residual variance indicates that can be 
predicted within & 25% (95% confidence interval) over 
the whole range of the data. A comparison between (26) 
and data for fluidization with air is shown in Figure 10. 

(pf/pp)o.045 (27) 
Inserting the value of &/pf for aidsand at 20°C and 1 
atm, 2200, this approximates to 

For H,/D < 3, (26) reduces to 

oms = 7.17 (D/Hs)0.895 

(28) Oms = 5.07 ( D / H s )  0.895 ( y D p / p ~ )  O S  

The actual effect of p p / p f  in this regime may be altogether 
insignificant. 

For H,/D > 20, (26) gives 

tims = 0.065 (yDp/pp)".5 ( D p 3 3 / ~ / p 2 )  0.205 (29) 
Here no effect of p J p f  is predicted. The above conclusions 
suggest that (26) should be rewritten in the form 

and this is a recommended form of the correlation. For the 
systems, here studied, p f / p p  << 1, in which case ppVm2/ 
yDp = vmS2/gDp. Thus the left-hand side of (30) is, in 
effect, the Froude number. 

Evaluation of the constants and exponents in (25) with 
H,/D replaced by Ho/D gave the result, in the form anal- 
ogous with (30), 

ppyDp3 0.41 
ppvms2 -- - 129( - )"" ( - p f  )O'Og + 0 . 0 0 4 1 6 ( 7 )  

YDP HO PP 
(31) 

The transformation between (30) and (31) is simply Ho 
= H ,  ( 1  - E , ) ,  eg = 0.40. Thus, as noted earlier, the re- 
sults of analysis of the present set of data are indifferent to 
the distinction between Ho and H,. Equation (31) is a 
second recommended form of the correlation for the mini- 
mum slugging velocity and is preferab!e to (30) in the 
sense that Ho is an independent variable, whereas H,, 
strictly speaking, is not. 

Comparison with Other Work 

(1967), (24) gives 
Rearrangement of the relation of Stewart and Davidson 

pfums2/YDp = (0.07 d g D  + V m f l 2  (Pf/YDp) (32) 

where the possible inequality in (24) is ignored for the 
moment. A comparison between some of the present data 
and (32) is shown in Figure 11. According to (32), 
ppms2/yDp should change with D but not H,, whereas the 
present results indicate that it varies with H,/D or not at 
all, as shown by (26).  

In deriving their criterion, Stewart and Davidson 
stressed its tentative nature and indicated the need for 
further verification of the assumed slug flow pattern. Their 
basic assumption was that slugs are of height D and are 
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spaced at intervals of length 3 D. This spacing was sug- 
gested by experiments with a small column, 0.63-cm diam- 
eter by 6 cm high, and very roughly agrees with slug fre- 
quencies observed in the present work (Broadhurst, 1962). 
However, the assumption that slugs at the onset of slugging 
are of height D is either weak or quite wrong, based on 
the present observations. The slug height in our 10-cm 
column was always considerably less than D. This was 
true also for all columns with beds of particles with D, < 
0.15 mm. Only in deep beds of coarse particles did the 
slug height approximate D. 

It may be noted that in the form they proposed it, (24), 
Stewart and Davidson’s relation is empirically correct; over 
the range of the present data, it never predicts minimum 
slugging velocities lower than the observed values. Un- 
fortunately, the trend of the predictions is in the wrong 
direction; a conservative relation of the form of (24) 
would, since slugging is normally an undesirable condition, 
always predict values of oms smaller than, or equal to, the 
observed values. 

The general form of the present results, and particularly 
the effect of H,/D, is supported by the work of Kehoe 
( 1969, 1970) and Kehoe and Davidson (1972). Kehoe 
reports that the height of a slug is typically 0.6 D, and 
may be less. The stable slug spacing is typically 3 D in 
beds of coarse particles, in agreement with Stewart and 
Davidson’s assumption, but can be much larger in beds 
of fine particles. Stable slug spacing occurs, moreover, 
only when HJD is adequately large, and the required 
value of H,/D is greater for fine particles. In the regime at 
smaller values of HJD, the slug spacing is less than the 
stable one. Kehoe ( 1969) presents appropriate modifica- 
tions of the model of Stewart and Davidson for these re- 
gimes. His qualitative observations are in reasonable agree- 
ment with the present results. 
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NOTATION 

D = column diameter 
D, = particle diameter 

% = bed height 
HO = H (1 - s),  height equivalent to the solid mat- 

ter in the bed 
PI 
u = superficial fluid velocity 
Y 

+ 
E = voidfraction 
p = density 
p = viscosity of fluid 

Su bccriph 

= acceleration due to gravity 

= pressure in the gas above the bed 

= g ( p p  - p f ) ,  specdc weight of particles minus 
their specific buoyancy 
= ( 6VP/n)  2/3/ ( S P / r ) ,  particle sphericity (V, = 
volume, S, = surface area) 

f =  
mb = 

mf = 

ms = 

P =  
s =  

a fluid property 
a property measured at the minimum bubbling 
point 
a property measured at  the minimum fluidization 
point 
a property measured at  the minimum slugging 
point 
a particle pro erty 

tained by vibrating a bed until no further consoli- 
dation takes place 

a property o P a “settled bed,”the fixed bed ob- 

LITERATURE CITED 

Becker, H. A., “An Investigation of Laws Governing the Spout- 
ing of Coarse Particles,” Chem. Eng. Sci., 13, 245 ( 1961 ). 

Broadhurst, T. E., “Particle Motion, Slugging, and Pressure 
Fluctuation Phenomena in Fluidized Beds,” Ph.D. thesis, 
Queen’s University, Kingston, Ontario ( 1972). 

., and H. A. Becker, “The Application of the Theory of 
Dimensions to Fluidized Beds,” Proc. of Toulouse, France, 
Intern. Cong. on Fluidization and Its Applications, pp. 10-27, 
Soci6tC. de Chimie Ind. ( 1973). 

Davidson, J. F., and D. Harrison, Fluidized Particles, Cam- 
bridge University Press, England ( 1963). 

Ergun, S., “Fluid Flow Through Packed Columns,” Chem. Eng. 
Prog., 48, 89 (1938). 

Kehoe, P. W. K., “The Effect of Particle Size on Slugging 
Fluidized Beds,” Ph.D. thesis, University of Cambridge, En- 
gland ( 1969 ). 

., “A Strategy for the Design of Fluidized Bed Chemical 
Reactors,” Chem. Enginer, Nos. 235-244, CE437 ( 1970). 

-., and J. F. Davidson, “The Fluctuation of Surface 
Height in Freely Slugged Fluidized Beds,” 74th Ann. Meet- 
ing of the AIChE, St. Louis, Missouri ( 1972). 

Leva, M., Fluidization, hlcGraw-Hill, New York (1959). 
Kunii, D., and 0. Levenspiel, Fluidization Engineering, Wiley, 

New York ( 1969). 
Romero, J. B., and L. N. Johansen, “Factors Affecting Fluidized 

Bed Quality,” Chem. Eng. Progr. Syrnp. Ser., 58,28 ( 1962). 
Rowe, P. N., “Drag Forces in a Hydraulic Model of a Fluidized 

Bed-Part 11,” Trans. Instn. Chem. Engrs., 39, 175 ( 1961 ). 
Stewart, P. S. B., and J. F. Davidson, “Slug Flow in Fluidized 

Beds,” Powder Technol., 1, 61 ( 1967). 
Wilhelm, R. H., and hl .  Kwauk, “Fluidization of Solid Parti- 

cles,’’ Chem. Eng. Progr., 44,201 ( 1948). 

Manuscript rsceived June 4, 1974; revision received and accepted 
Nooember 13,1974. 

AlChE Journal (Vol. 21, No. 2) March, 1975 Page 247 




